We study L-capacities for uniformly elliptic operators of nondivergence form and construct examples of large sets having zero ¿-capacity for some L, and small sets having positive L-capacity. The relations between ellipticity constants of the coefficients and the sizes of these sets are also considered.
and construct examples of large sets having zero L-capacity for some L, and small sets having positive L-capacity. We also study the relations between ellipticity constants of the coefficients and the sizes of these sets.
When (a¡j) are Dini continuous and (a¡) are bounded, sets of L-capacity zero are precisely those of capacity zero for the Laplacian; this follows from the growth of the Green function for these operators. (See [1] and [7] .) In general, there are elliptic operators L with continuous coefficients for n -2, bounded coefficients for n > 3, for which a single point has positive L-capacity; again this reflects the behavior of the Green function. (See [2, 4, 5 and 12] .)
For uniformly elliptic operators of divergence form, the growth of Green function near its pole is comparable to that for the Laplacian [10] . Therefore sets of capacity zero are exactly those for the Laplacian.
Let L be the above operator and coefficients of L be continuous in a domain fiel".
We consider strong solutions of L = 0 in W^n(ii) and call them L-solutions. The maximum principle, the existence and uniqueness of the solution to the Dirichlet problem and the Harnack principle are well known. We recall that for the Laplacian, a set has positive capacity if it has positive n-Hausdorff measure for some h > 0 satisfying J0 h(r)/rn~x dr < oo ; and a set has zero capacity if it has finite (n -2)-dimensional Hausdorff measure when n > 3, or finite logarithmic measure when n = 2. Therefore n -2 is the critical dimension for studying sets of capacity zero.
We shall prove the following: Theorem 1. Let n > 2 and n -2 < a < n. Then there exist a constant A">a > 1, a compact set S C D of Hausdorff dimension a, an operator L = Y^ajjd2/dXjdXj with coefficients bounded smooth in D\S, satisfying (0.2) |£|2<5>7(x)<^<An,Q|£|2, x,£eR\ so that S has zero L-capacity in the sense (0.1). In fact, there is a positive Lsupersolution v (^ +oc) in D\S approaching +00 continuously on S. Moreover,
with the 0( 1 ) terms positive and independent of n and a.
We believe that (0.3) is sharp, and do not know whether (0.4) can be improved.
Theorem 2. Let n>2, a > 0, and h(r) = rn~2(logj)~l~a . Then there exist a constant ß > 0, a compact set S ç D of dimension n -2, positive Hausdorff h-measure, an operator L = Y, a¡jd2/dXjdXj with coefficients continuous in R", smooth off S satisfying (0.5) |tf < S>(*)^ < {l +ß (log 5-^)"'} |tf
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use for all x, Ç £ Rn, and a positive L-supersolution v on D, which is an Lsolution on D\S and approaches -f-oo continuously on S. In particular, S has zero L-capacity, and positive capacity for the Laplacian. Since it is known that a point can have positive L-capacity, the only new part of Theorem 4 is the relation between the ellipticity constants and the dimension.
In the proofs of all four theorems, we start with the Laplace operator, then modify the coefficients on a sequence of rings, accumulating on a Cantor set S, so that on the rings all eigenvalues are greater than 1 (or less than 1). When all are chosen properly, it will produce an L-supersolution which grows faster than (or slower than) the fundamental solution of the Laplacian near each point in S. This explains the relation between the normalization of the ellipticity constants and the size of the set S.
A related subject, the boundary regularity problem for the operator L, has been studied by many. A partial list includes [4, 7, 8, 9 . 10, 11, 12, and 13]. The characteristic values of (a¡j(x)) are 1, B(x)/(n -1), B(x)/(n -1), ... , B(x)l(n-1); and for x^¿0,
-fr 2Ô, 
and note that y/ is C2, 0 < y/ < 1, 0 < y/' < 15/8 and \y/"\ < 10/-/3. Let ,M-!-,(!=£).
Thus ç? = 0 for í > ±, ç? = 1 for í < r52, 0 < ç> < 1, -8 < ç>' < 0 and |ç»"| < 160. Then Tx = x -cp(\x -a\2)a is a diffeomorphism on Rm that fixes every point in Rm\D(0, fz,) and maps x £ D(a, r) to x -a. Moreover, on D(0, ±), T satisfies (1.3) and (1.4) with c(x) = -2cp'(\x -a\2).
To show (1.5), we let x £ D(0, jç), and note that
Since \a\ < ô, |x -a\ < 1 and eigenvalues of (a¡j) are bounded above by A, we conclude that \J2bijidj -£ aijtiZÁ < 2c(x)AÔ + c(x)2AÔ2 < 128A<?.
Similarly,
Hai(xi -at)
The construction
Given B* > n -1, integer Âco > 0, let {ôk} , {rk} , and {A^} be sequences satisfying 0 < ók < (24005*)"•, 0 < rk < rk_x < rx < \ and 1601/^ < Nk < rk_x/rk , for k > /Co. Then rk+x < ôk+xNk+xrk+x < Nk+Xrk+X < rk for k > ko. The idea of defining a radial M-supersolution in the form (2.11) comes from Gilbarg and Serrin [5] and Bauman [4] . It follows from (2.7) and the fact that f(r)<B(r) that Mm < 0 on {\rh < \y\ < 1} U U* T(R'kA). On r(SM),we HXo(x) = u(Tx) onD\{x0}.
Since LHXo < 0 on £>\{xo} and the coefficients of L are smooth off S, HXo is an L-supersolution in D\S. We shall estimate the growth of HXa(x) near x0.
In the rest of the paper, C denotes positive constants depending at most on n , a and a in the theorems; its value may vary from line to line.
Proof of Theorem 1
Let _ 2(n-l) + 2n(a + 2-n) B =-, n -a and note that 5>a + l>n-l,5->n-l as a -» n -2, and
Choose a', a < a' < n , so that a B-(l+a') n < B-(n-2)-(n-l)/B < ' and denote by The smallest balls that carry a /¿-measure /¿"J, have radii proportional to SkNkrk . Using (3.5) and (3.6) one may check that for each n < a, p(D(x ,/*))< Cnri for all x £ R" and r > 0. Hence S has positive «-dimensional measure for all t] < a. In view of (3.4), S has Hausdorff dimension a. For 0 < t < r^, let ÍT = K(t) be the largest integer so that rK > t. We deduce from (2.10), (2.11), and (3.3) that, for 0 < p < rh,
And note from the choices of A and 4 that Let v(x) = JsHz(x)dp(z), where p. is the measure defined in (3.7). Clearly v is an L-supersolution on D\S. In view of (3.4), (3.6), and (3.8), v approaches +00 as x -► Xo for every xo £ S. Since f(r) is bounded, v < +00 on D\S.
Clearly (0.2) holds with A",Q = B/(n -1).
The number 5 was chosen so that among other properties, (3.1) holds. As a consequence, (0.3) and (0.4) follow. Clearly n -1 < 5(r) < n -1 + j3/fco = 5*, and ôk < (24005*)"1 for k > ko .
Stirling's formula shows that
when k is sufficiently large. Since (log})-1 is an increasing function of s (0 < s < 1), and rk_x > Nkrk , we obtain from (4.7) that
for large k, here Bk is the number defined in (2.3).
Thus, for 0 < p < r^ , Again, because a¡j are continuous, Green functions G(x, Xo) exist in D (see Bauman [3, 4] ). In fact, for each Xq £ D, G(-, xq) is a positive L-solution in D\{xo} with boundary value vanishing continuously on |x| = 1. Let x = (5 , 0, 0, 0, ... 0) and assume that G is normalized so that G(x, x0) = 1. We claim that for each Xo £ S, (4.14)
G(x,x0)>C|x-x0r"+2 logl-¡ V |x-xo| whenever 0 < \x -xq\ < % .
Let g(r) = sup{C7(x, x0): |x -x0| = r} for 0 < r < r^ . Applying (4.13) and the maximum principle to the region D\{\x -xo| < r} , we obtain
Because f(r) is bounded and |xo -x| > \ , HXo(x) < C < 00 for all xo £ S. Hence g(r) > Cr~n+2(log })3+a for 0 < r < rh . Thus (4.14) follows from the Harnack principle.
In view of (4.14), the maximum principle and the solvability of the Dirichlet problem, G(-,Xo) is actually an L-supersolution on D. The function v(x) = JsG(x, z)dp(z) approaches +00 on S in view of (4.4) and (4.14), and it is the function desired. G(x, x0) > C ( log :-r) for |x-x0| < %. V |x-xo|/ The function v(x) = Js G(x, y) dp(y) has all the properties in the theorem.
Proofs of Theorems 3 and 4
We follow the constructions in §2 and indicate the necessary changes. Given 5* = n -1, ko, {ôk} , {rk} and {Nk} ,let S be the Cantor set and p be the measure on S defined in §2.
Let for each k > 1 +/co , and that F is monotone in each of the remaining intervals.
Define for p = \y\ < 1, U(y) = U(p) = f exp / ^-dsdt.
Jp
Jt s
Arguing as in §2, we conclude that for x £ Skx, and y = Tx, From this, we may deduce that MU(y) > 0 on {|y| < 1}\{0} . Thus,
is an L-subsolution in D\S.
To complete the proof of Theorem 3, we let Sk and Nk be the numbers defined in (4.1), let t > a/(n -2) and rk = (k\)~2n~z/k . Fix an integer ko > 20(n2 + t2) , so that Nk < rk_x/rk and Sk < (2400n)_1 for k > ko ■ It is ready to check that (6.2) lim(fc!)2"*""2^-2 (log-) =0,
There are (Ä:!/^!)2^""2) balls in {DkJ}¡ for each A: > ko, and MAt,/) = (/co!//c!)2"<"-2'. From (6.2) and (6.3) it follows that S has Hausdorff dimension n -2, and zero n-measure for h(r) = r"~2(log \)a . where AT = K(t) is the largest integer satisfying rK > t. Note that for large k , inequality (4.7) still holds and ds , dt, s '
Let
W-i-l< 9/* ßk -I6n(n-l)klogk' Thus U(p) < Cp-"+2(log t)-!*'*" It is ready to check that S has dimension a and that the L-subsolution QXo(x) satisfies
Qxa(x) < C\x -Xo\~y, when |x -x0| < % for some y with a' < y < a. The rest of the proof is routine and follows from the observation Y,(k-l)\-a'E(ôkNkrk)-?<oo ify<a.
k>k"
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